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Correlation function and direct counting methods for the evaluation of the isomerization rates in 
equilibrium molecular dynamics (MD) simulations are studied for a system of 64 independent particles, 
each undergoing transitions between two stable states according to a Poisson process. Three different 
numerical implementations of the number correlation function and two different counting formulas 
based on different ordering of averages over trajectory and particles are tested. All methods yield correct 
results for sufficiently long simulations. However, for simulations where a given particle undergoes a 
small (4-10)  number of transitions, accurate rates are obtained only when the correlation function is 
normalized qfter averaging over particles; this correlation function is shown to be equivalent to the relax- 
ation function of Brown and Clarke (J. Chem. Phys. 92, 3062, 1990). Similarily, accurate rates are 
obtained with a counting formula where the average first passage time is first calculated over all particles 
and inverted, as opposed to calculating rates for each particle and then averaging. These distinctions 
are shown to be significant when calculating isomerization rates from 500ps MD simulations of n- 
butane. Correction of overcounts is also illustrated for the butane system, where ‘glassy” or low friction 
dynamics is evident. 

KEY WORDS: isomerization rate, correlation function, relaxation function, counting, molecular 
dynamics simulation, Poisson process 

1 INTRODUCTION 

An important issue in computer simulation studies of polymers is the evaluation 
of rate constants for torsion angle transitions. According to linear-response theory 
[ 1,2], these rate constants can be obtained from either the correlation functions of 
equilibrium fluctuations out of the reactive state, or the relaxation function of the 
decay of a non-equilibrium population [3,4]. The former method has been used in 
equilibrium molecular dynamics (MD) [5-71 and Langevin dynamics (LD) [8-101 
simulations. In non-equilibrium molecular dynamics (NEMD) simulations the 
system is prepared in the reactive state and allowed to decay to equilibrium, and 
therefore relaxation functions are appropriate [ 1 1, 121. 

*Author to whom correspondence should be addressed. 
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26 Y. ZHANG AND R.W. PASTOR 
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Figure 1 The correlation functions C,&) (dashed, Equation 2.8), C i n d ( l )  (dot-dashed, Equation 2.9) 
and Cr(t) (solid line, Equation 2.10) evaluated from a 500ps MD simulation of liquid n-butane with 
all-atom model (Model I )  at T = 270 K. The inset shows the semi-log plots. 

In equilibrium MD simulations, there are different ways to compute the correla- 
tion functions, depending on the order of averaging over the trajectory and different 
particles, and applying the normalization. While these are equivalent in principal, 
differences might be expected when calculating rates from simulations on the l00p.s 
timescale; i.e., one method may be a better estimator of the true rate in cases where 
a particular torsional angle (among many) may have undergone only a small number 
of transitions. Some of these differences have been investigated by Brown and 
Clarke [7], and are illustrated in Figures 1 and 2, where three correlation functions 
(defined explicitly in the following section) from two 50Op.s MD simulations of 64 
n-butane molecules [13] are compared. 

Isomerization rates can also be evaluated from direct counting 19, 101 and related 
methods using hazard analysis of first passage times [14, 151. Results from this 
approach also depend on the order of averaging, and are complicated by the occur- 
rence of recoils and overshoots often found in MD simulations. 

Because it is not currently feasible to definitively compare either the correlation 
function or counting approaches using MD simulations, this paper considers instead 
a system of No independent particles, each undergoing transitions between two 
stable states according to a Poisson process. To model the simulations noted above, 
we set No = 64 and the Poisson jump parameters approximately to those of 
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TRANSITION RATES FROM MOLECULAR DYNAMICS 21 
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Figure 2 The correlation functions Clor(t) (dashed), Ci,,d(t) (dot-dashed) and C,(t) (solid line) 
evaluated from a 500ps MD simulation of liquid n-butane with extended-atom model (Model 2) at 
T = 270 K. The inset shows the semi-log plots. 

butane. Time series corresponding to 0.1-50 ns MD simulations were then 
generated, and the means and variances for transition rates were obtained for each 
method. It is shown that all the methods defined yield correct transition rates for 
multi-nanosecond simulations, however, the order of averaging is important for 
simulation times of 5 0 0 ~ s  or less. 

The following section briefly reviews the reaction rate equation for a two-state 
system, and defines the correlation functions and counting methods. The Poisson 
simulation method and results for the model butane system are presented and 
discussed in Section 3. Two MD simulations of n-butane based on the all-atom and 
extended atom models are then analyzed in Section 4. 

2 THEORY 

2.1 Reaction Rate Equation 

Consider a stochastic dynamical system consisting of No identical particles. We 
assume that each particle can jump between two stable states a and b, with kab 
the rate constant from a to b, and kba the reverse. Define the state function for 
particle i 
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28 Y. ZHANG AND R.W. PASTOR 

1, if in state a; 
0, if in state b. 

nUi = 

The total number of particles in state u at time t is 
N A  

The state function and the total number of particles in state b are defined in a similar 
way. The following linear reaction rate equations then hold for the averages of the 
stochastic variables (N,( t ) )  and (Nb(t)): 

(2.3a) 

(2.3b) 

d d 
At equilibrium, - (N,) = - ( N b )  = 0, then kab(Na) = kba(Nb).  Combining the 

preceding equations with the particle conservation condition N,(t) + Nb(t) = No, 
we obtain 

dt dt 

Now let us assume that at time t = 0 there is a small disturbance that perturbs the 
system from equilibrium; i.e., <SN,(O)) = ((N,(O)) - ( N u ) )  # 0. It can be then 
shown from Equation (2.3) that 

(6N,( t ) )  = (6Na(0))e-" (2.5) 
where h = kab + kb. Equation (2.5) is a relaxation function for this small distur- 
bance. It decays to zero at very long time (as the system rearches equilibrium), and 

From linear response theory, the correlation function of the particle number 
associated with the stochastic dynamical equations (2.3) is 

where the average is taken over all equilibrium ensemble samples. 

2.2 Correlation Function 
In MD simulations, the dynamical trajectories of No particles are recorded and the 
time series n,(t) is computed from Equation (2.1).  The correlation function (2.7) 
can be implemented in the following three ways: 
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TRANSITION RATES FROM MOLECULAR DYNAMICS 29 

The difference between C,,,(t) and C;,,d(t) is the order of the averages over the 
particle ensemble and the particle trajectories. C,,,,(t) is obtained by summing the 
particles first and then averaging over the trajectory. It is the most direct way to 
apply Equation (2.7), but not necessarily the most efficient. By reversing the above 
order in calculating C;,&), one neglects the inter-particle correlation of the state 
functions. 

The difference between Cind(t) and C,(t) is the order of the normalization of the 
correlation functions. &(t) is obtained by normalizing individual correlation 
functions first and then averaging over different particles. In calculating C,(t), one 
first averages the correlation functions of different particles and then normalizes. 
We anticipate that the error for C;,,d(t) is larger than that of C,(t) for short simula- 
tions because the denominators ((& - (nUi>’) for the individual correlation 
functions may be very small if the number of transitions is small. 

In general, we can expect that for simulations with many transitions per particle 

(2.11) 

It is interesting to point out that the correlation function C,(t) is identical to the 
relaxation function R(t) for a equilibrium system introduced by Brown and Clarke 
[7]. Following their suggestion, consider the subsystem of particles in state CI in an 
equilibrium MD simulation at a particular time to ,  

C,( t )  = c ; , , d ( t )  = ctOt(t) = e-X‘. 

No 

i =  1 
N U ( t 0 )  = c n o i ( t 0 ) .  (2.12) 

These particles are not necessarily in the same region of space or otherwise divided 
from the others. After time to,  the total number of particles in this subsystem will 
begin to decay to the appropriate equilibrium fraction. The unnormalized relaxation 
function for this subsystem is 

No 

i =  1 
ku(t0, to + t )  = C n u i ( t o ) n u i ( t o  + t ) .  

Taking the average over the initial time to and normalizing, 

(2.13) 

(2.14)’ 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
3
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



30 Y. ZHANG AND R.W. PASTOR 

If we reverse the summation and the average over the trajectory in Equation (2.14), 
it is clear that the relaxation function R(t) is identical to the correlation function 
C,(t). That means the relaxation function method for evaluation the isomerization 
rates in equilibrium MD simulations introduced by Brown and Clarke is actually 
a correlation function method. The subscript r in C,(t) is introduced to signify this 
equivalence. 

2.3 Counting 

In addition to correlation functions, isomerization rates from simulations can be 
evaluated from direct counting [9, 101. This method requires a precise specification 
of a jump; for example, in “simple counting” a transition is defined as any event 
where the particle (or torsion angle) crosses over the transition state and passes the 
minimum of the product well (9, lo]. 

Let us denote mi the number of transitions from state a to b for i-th particle and 
( r i l ,  7i2,  . . . 7imi) the waiting (or first passage) time for each transition. Then the 
total time for i-th particle in state a is 

mi 

ti = rij 5 ( n U i )  T,.,,, (2.15) 

where T,, is total simulation time. The average number of transitions from a to 
b per particle (calculated from the trajectory) is 

j =  1 

1 
(m) =- C mi 

No;= I 

and the average time spent in state a is 

1 No 

Noi= I 
( t )  = - c t i .  

The rate kob can be calculated as 

(2.16) 

(2.17) 

(2.18) 

The rate defined by Equation (2.18) is similar to Cfot(t)  or C,(t), in that particle 
averages (m) and ( t )  are taken first. Rates can also be computed by the counting 
method analogously to C,: 

1 No 1 No mi m 
k,  = - ( k f g ) i  = - - = (T). 

Noi=1 Noi=l t i  

We can rewrite (2.18) as follows 

(2.19) 
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Similarly, Equation (2.19) can be written as 

31 

(2.21) 

From Equation (2.20) and (2.21), it is clear that the method of counting the number 
of transitions per unit time is equivalent to the method of computing the average 
first passage time. 

3. COMPUTER SIMULATION WITH POISSON PROCESS 

3.1 Method 
The length of a typical MD simulation of a large system is currently several hundred 
picoseconds so it is not feasible to generate the much longer trajectories (e.g., 
100 ns) required for comparing the different correlation function approadhes using 
MD . 

Fortunately, hundreds of nanoseconds of test data can be rapidly generated by 
using a Poisson jump model [16], with parameters set approximately equal to the 
rates obtained from the butane MD simulation. For the present study, the time series 
nu for each particle was generated with the following algorithm: 

where n,(j) is the state function at thej-th step, is a random number sampled 
from a uniform distribution in [0, I], At is the timestep and H(x) is the step function 

1, if x >  0; 
H ( x )  = 

As an example, consider a particle in state a at the j-th step (i.e., n , ( j )  = 1). 
Equation (3.1) specifies that if t j  < ka&, then n,(j + 1) = 0 (i.e., the particle 
jumps to state b); otherwise, n,U + 1) = 1 (it remains in state a). Similarly, for a 
particle in state b at stepj, if t j  < khAt, then na(j  + 1) = 1 (the particle jumps to 
state a); otherwise, n,(j + 1) = 0 (it remains in state b). 

This algorithm is valid for kabAt << 1 and khAt << 1, and directly generates 
time series analogous to those obtained from an MD simulation. Alternatively, 
waiting times between jumps can be picked from an exponential distribution 
D61. 

To model the butane MD simulation, we set the two jump rates k,b = lons-', 
kh = 20 ns-' and timestep At = 0.001 ps. Different random seeds were assigned to 
each of the 64 particles, so the transitions of different particles were independent; 
this ignores inter-particle correlations that may be present in the MD simulation. 
The equivalent 500ps time series of 64 state functions was generated in less then 
1 minute on an Apollo DNlOOOO workstation. 

3.2 Results 
Figure 3 shows the correlation functions evaluated from single 500ps and 50ns 
simulations. To further compare the methods, sets of 10 simulations were carried 
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Figure 3 Clo,(f)  (dashed), Cind( f )  (dot-dashed) and Cr(t)  (solid) from two Poisson simulations of 0.5 
and 50ns. The dotted line shows the exact exponential decay function for the model. 

out over the range 0.1 to 20 m. The mean values and standard deviations for kub 
are plotted in Figure4. 

In calculating kub, single exponential fits of the correlation functions were com- 
puted over the following two regions: (1) 0-35ps (in which these functions 
decay to approximately e-I), and (2) 0-5ps (short-time slope). Similar results were 
obtained in general, with the standard deviation slightly smaller when the short-time 
slope is used (Figure 4). Exceptions occurred for C&) for the 0.1, 0.5 and 1 ns 
simulations. Because of very high statistical error in these cases, it was not 
reasonable to use the 0-35ps interval and the data points are not included in 
Figure 4. 

It is clear from Figures 3 and 4 that for simulation times 5 ns or greater all three 
correlation functions yield the correct rate, although the variance is always smaller 
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Figure 4 Transition rates kab and standard deviations from 10 simulations of 0.1, 0.5, 1, 2, 5, 10 and 
20 ns; dotted line shows exact rate. The simulated rates were obtained from single exponential fits to 
Ctof(f) ,  Ci,,,(t) and C,(f) over the interval 0-35ps (large circles), and 0-5ps (small circles, slightly off- 
set). The last panel shows the rates calculated by counting method using formula (2.18) (large circles) 
and formula (2.19) (small circles, slightly offset). 

for C,(t). For example, errors for the 20ns simulations are less than 10% for 
&(t) and less than 1% for Cind(t) and C,(t). 

For the 5 0 0 ~ s  simulation, however, the C,(t) is significantly more accurate 
(- 5 %  error) than the others (40-60% errors). Additionally, it is clear from Figure 
4 that Cind(t) systematically overestimates the rate, and the variance in even the 
short-time slope of Ctot(t) is unacceptably high. 

For simulations of intermediate length (2 ns), the rates from Cind(f) and R( t )  are 
comparable, although C,,,(t) still yields poor results. 

The last panel in Figure 4 shows the rates obtained by counting. Equation (2.19) 
systematically overestimates the true rate by approximately the same values as for 
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34 Y. ZHANG AND R.W. PASTOR 

Cind(t). The rates computed using Equation (2.18) are accurate at all times, and 
comparable to those from C,(t). 

3.3 Dkmsion 
The Poisson simulations presented here indicate that while the correlation function 
and counting methods yield correct rates for sufficiently long simulations, C,(t) 
and Equation (2.18) are appropriate for shorter (and more typical) simulation 
times. 

The reason for the unacceptably high error in C,&) for short simulations is 
that inter-particle correlations have not yet been averaged to zero. These correla- 
tions appear to last a few nanoseconds in the present model; they are due to small 
sample size and are completely statistical (i.e., the jumps were chosen from indepen- 
dent distributions). 

The poor (overestimated) rates associated with Cj,,,(t) in short simulations arise 
for a different reason. Consider a simulation of total time T,”. The average 
number of transitions p (a to b and b to a) for each particle is 

Tmn 
kab kba 

kab  -k kba 
p = 2  (3.3) 

According to the Poisson distribution, the probability for a particle having m transi- 
tions over T,, is 

For example, for T,, = 500ps and the rate constants specified earlier, each par- 
ticle has on average 6.67 transitions. However, 6.46 (of & = 64) particles have 
three or fewer transitions. The individual correlation functions ci(t)  of these par- 
ticles are highly non-exponential, leading to errors in the calculated rate. When the 
T,, = 5 m, the probability for a given particle having fewer than 40 transitions is 
small (0.019), leading to well behaved q ( t )  and accurate rates. 

This cause of the bias in counting formula (2.19) is also clear. Because (kob)i = 
m i / f i ,  particles with small ti (i.e., short time spent in state a) may have very large 
rates. In long simulations, the probability of particles with small ti is very small, 
and the error goes to zero. 

It was noted that the slopes evaluated over 0-5 ps  intervals of the correlation func- 
tions yield more accurate rates than those calculated over 0-35ps. This is expected. 
Because the correlation function from the two-state model is single exponential at 
all times and the statistical error in normalized correlation functions increases at 
longer times [17], fitting over a shorter interval is more precise. For MD simulations 
of polymers, however, the initial (picosecond) decay of the correlation function is 
non-exponential even for a two-state kinetic model; this “non-phenomenological” 
behavior arises from the molecular details of the transitions [3,4]. As a result, short- 
time estimates of decay constants can be misleading, and it is more reliable to use 
a larger interval (e.g., 1 2 C(t)  2 e-’). 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
3
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



TRANSITION RATES FROM MOLECULAR DYNAMICS 35 

4 ANALYSIS OF BUTANE SIMULATIONS 

To test these methods on a molecular system, we now return to the MD simulations 
of liquid n-butane at 270K noted in Section 1. Results from two models are 
presented: Model 1 (all-atom, using the force field PARM22 [18] of CHARMM 
[19]); and Model 2 (extended-atom, using PARM19 [20]). Each simulation con- 
tained 64 molecules in a cubic box of 22 8, with periodic boundary conditions, and 
was carried out with constant particle number, volume and energy, and timestep 
0.001ps using the Verlet algorithm [21]. The analysis described here is based on 
500ps trajectories following equilibration. Rates were obtained from single expo- 
nential fits to the correlation functions in the interval 1 1 C(t) 1 e-’. Additional 
details are presented in reference 13. 

The trans-to-gauche isomerization rates ktg computed from Cind(t) and C, (t) are 
4.89ns-’ and 3.29ns-’ for Model 1 (Figure 1); for Model 2 (Figure 2) they are 
7.12ns-’ and 4.32ns-’, respectively. Hence, as already shown from the Poisson 
simulations, there are significant differences between the methods on the 500ps 
timescale, and the rates obtained from C,(t) are more accurate. From the error 
formula of reference [ 171, the statistical uncertainty in these values is approximately 
5%. 

To evaluate the rate by counting, we slightly modify Equation (2.20): 

where ( t )  is the average time spent in the trans state, and the factor of 1/2 takes 
into account that a butane in trans can isomerize to either gauche plus or gauche 
minus. For the present 500ps simulations, ( t )  = 317.223~s (Model 1) and 
313.208~s (Model 2). Applying “simple counting” (defined in Section 2.3), (m) = 
2.938 (Model 1) and 6.625 (Model 2), yielding ktg = 4.63 ns-’ (Model 1) and 
10.58ns-’ (Model 2). These values are significantly larger than those obtained 
from C,(t). The reason is overcounting of the isomerizations. 

For molecules exhibiting either “glassy” or low friction dynamics, simple coun- 
ting, which includes recoils and overshoots, leads to an overestimate of the true rate; 
i.e., such events do not contribute to the exponential decay of the reactant popula- 
tion, and therefore are incorrectly labeled transitions. Figures 5 and 6 show portions 
of butane trajectories illustrating true transit‘ons, recoils and overshoots for both 
models; low friction behavior from a differei : butane simulation is shown in Figure 
8 of reference 7. As might be expected for an extended atom parameter set, Model 
2 shows much lower friction behavior than does Model 1 (i.e., the hydrogens add 
friction to the internal motion). 

A straightforward way to correct for overcounts is to stipulate that for an event 
to qualify as a transition, the torsion angle must remain in the reactant state for 
a minimum time (tmin) after the jump. For example, if tmin = 0.5ps (approximately 
2.5 oscillations), there are 42 and 203 overcounts for Models 1 and 2, respectively. 
Subtracting these overcounts results in ktg = 3.60 ns-’ (Model 1) and 5.51 ns-’ 
(Model 2); for tmin = l.Ops-’, ktg = 3.37 ns-’ (Model 1) and 4.94ns-’ (Model 2). 
Both estimates for Model 1 agree well with the value 3.29ns-’ obtained from 
C,(t). To obtain an accurate rate for Model 2, however, tmin must be increased to 
2ps; this yields in 244 overcounts or ktg = 4.49ns-’, in good agreement with 
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Figure 5 Sample n-butane (Model 1,  all-atom) torsional angle trajectories illustrating low friction 
dynamics: (a) a successful transition from trans to gauche minus; (b) a transition from gauche minus 
to gauche plus (an overshoot through trans); (c) a recoil from gauche minus (no transition); (d) a suc- 
cessful transition from trans to gauche minus, with intervening recoil, and overshoot. A minimum 
waiting time of 1 ps is assumed (see text). 

4.32 ns-l from C,(t). (In contrast, if tmin is increased from 1 ps to 2ps for Model 
1, only 1 additional overcount is found.) 

It was shown earlier [lo] for a Langevin bistable oscillator that the appropriate 
value of t,, approximately equals the kinetic energy relaxation time. Although it 
is clearly difficult to specify a priori these criteria for arbitrary systems, it is 
advisable to scrutinize any rate calculated only by simple counting. 

Transition state sampling has been used to calculate isomerization rates of a single 
butane in model carbon tetrachloride [5 ]  and a bistable diatomic in a Lennard-Jones 
fluid [6]. In this method, the molecule is placed at its transition state and simulated 
with different initial velocities. The reactive flux (related to the derivative of the 
correlation function (n,(t)n,(O)>) is evaluated, and the rate is obtained from the 
plateau value [3,4].  Because this plateau value is reached quickly (e.g., 1 to 2ps 
for butane), it is possible to carry out many short simulations and average. This 
is clearly the method of'choice for determining the transition rate of a single 
molecule in a solvent of different molecules. However, it is probably comparable 
to the methods described above when simulating neat solutions. For example, if a 
single butane were placed at the transition state and 2ps trajectories were carried 
out, 250 samples would be obtained with 500ps total simulation time. If we add 
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0 2 4 6 8 0 2 4 6 8 10 

t/ps 

Figure 6 Sample n-butane (Model 2, extended-atom) torsional angle trajectories illustrating very low 
friction dynamics. Assuming a minimum waiting time of 2ps (see text), only panel c shows a successful 
transition from gauche plus to trans. 

the total number of trans-to-gauche and gauche-to-trans crossings of the barrier in 
the present 500ps simulation, there were 325 transition state samplings for Model 
1. It is obviously possible to generate a larger number of samples with transition 
state sampling by placing more than one molecule at the barrier; however, this 
invites the danger that the system may be too far from equilibrium for the assump- 
tions of linear response theory to be valid. (NEMD simulations have the same poten- 
tial problem.) Finally, an added advantage of long equilibrium trajectories is that 
properties with longer correlation times (e.g., rotational relaxation) can be studied 
with the same simulation. 

5 CONCLUSIONS 

Direct counting is a reliable method for calculating rates provided one can identify 
and then subtract all the recoils and overshoots over the potential barrier. Such over- 
counts are not negligible in systems where the effective damping constants are small. 
Recoils and overshoots are not of concern, however, when correlation functions are 
used; i.e., they make a small contribution to the relaxation at very short times 
(< OSps for the present simulations). For the methods studied in detail here, the 
correlation function C,(t) is the best for the evaluation of isomerization rates for 
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equilibrium MD simulations in the timescale of loops. It is simple, straightforward 
and accurate. 
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